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àññìîòðåíà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äâèæåíèåì êîñìè÷åñêîãî àïïàðàòà ïðè êîððåêöèè åãî
ïîëîæåíèÿ â èíåðöèàëüíîé ñèñòåìå êîîðäèíàò çà ñ÷åò óïðàâëÿþùèõ ìîìåíòîâ, ïîëó÷àåìûõ îò óñêî-
ðåíèé èíåðöèîííûõ ìàõîâèêîâ áåñïëàòîðìåííîé èíåðöèàëüíîé íàâèãàöèîííîé ñèñòåìû. Ïîëó÷åííîå
îïòèìàëüíîå óïðàâëåíèå îáåñïå÷èâàåò ïëàâíîå èçìåíåíèå îðèåíòàöèè êîñìè÷åñêîãî àïïàðàòà, êîòîðîå
ðàññìàòðèâàåòñÿ êàê äâèæåíèå ïî êðàò÷àéøåé òðàåêòîðèè â êîíèãóðàöèîííîì ïðîñòðàíñòâå ñïåöè-
àëüíîé îðòîãîíàëüíîé ãðóïïû SO(3). Àëãîðèòì óïðàâëåíèÿ ðåàëèçóåòñÿ ñ èñïîëüçîâàíèåì îðèãèíàëü-
íîé ïðîöåäóðû íåëèíåéíîé ñåðè÷åñêîé èíòåðïîëÿöèè êâàòåðíèîíîâ. Îñíîâíûìè èñïîëíèòåëüíûìè
îðãàíàìè îðèåíòàöèè äèíàìè÷åñêîãî êîíòóðà óïðàâëåíèÿ áåñïëàòîðìåííîé èíåðöèàëüíîé íàâèãàöè-
îííîé ñèñòåìîé ïðè ðåøåíèè çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ áûëè âûáðàíû ÷åòûðå èíåðöèîííûõ
ìàõîâèêà (òðè  ïî îñÿì êîñìè÷åñêîãî àïïàðàòà, ÷åòâåðòûé  ïî áèññåêòðèñå). åçóëüòàòû ìîäåëèðî-
âàíèÿ âåðèèöèðóþòñÿ ïóòåì ñîçäàíèÿ àíèìàöèè êîððåêòèðóþùåãî äâèæåíèÿ êîñìè÷åñêîãî àïïàðàòà.
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óïðàâëÿþùèå ìîìåíòû, ïëàâíîå äâèæåíèå.
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Ââåäåíèå
Ïîâûøåííûå òåõíè÷åñêèå òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ïðè ðàçðàáîòêå ñèñòåìû îðèåíòà-
öèè è óïðàâëåíèÿ äâèæåíèåì êîñìè÷åñêîãî àïïàðàòà (ÊÀ) ñ öåëüþ ïîâûøåíèÿ èõ íàäåæíîñòè
è òî÷íîñòè, ïðèâåëè ê ñîçäàíèþ íîâûõ íàó÷íî-òåõíè÷åñêèõ ïîäõîäîâ è ïîñòðîåíèþ ñèñòåìû
îðèåíòàöèè è óïðàâëåíèÿ äâèæåíèåì íà áàçå áåñïëàòîðìåííîé èíåðöèàëüíîé íàâèãàöèîííîé
ñèñòåìû (ÁÈÍÑ). Ýòè ñèñòåìû õîðîøî óæå àïðîáèðîâàíû è ïîêàçàëè ñâîþ ïåðñïåêòèâíîñòü
ïðè ñîçäàíèè â ÊÊ ¾Ýíåðãèÿ¿ òðàíñïîðòíûõ ïèëîòèðóåìûõ êîðàáëåé ¾Ñîþç-Ò/ÒÌ¿, ãðó-
çîâûõ êîðàáëåé ¾Ïðîãðåññ-Ì/Ì1¿, ñòàíöèè ¾Ìèð¿ è ñïóòíèêîâ ñâÿçè ¾ßìàë¿ [1℄. ÁÈÍÑ íå
èìååò ïîäâèæíûõ ÷àñòåé, àáñîëþòíî áåñøóìíà, ìåõàíè÷åñêè ñðàâíèòåëüíî ïðî÷íà, íå òðåáóåò
ñïåöèàëüíîãî îáñëóæèâàíèÿ, èìååò õîðîøèå ïîêàçàòåëè íàðàáîòêè íà îòêàç (äî 80 òûñ. ÷àñîâ
ó íåêîòîðûõ ìîäåëåé) è ìàëîå ýíåðãîïîòðåáëåíèå (äåñÿòêè âàòò). ÁÈÍÑ ïîçâîëÿåò ðàçäåëèòü
óïðàâëåíèå íà äâà êîíòóðà: êèíåìàòè÷åñêèé (ïîñòðîåíèå òðåáóåìûõ îïîðíûõ áàçèñîâ) è äèíà-
ìè÷åñêèé, îïèñûâàþùèé ïðîöåññ ñòàáèëèçàöèè â âûáðàííîì îïîðíîì áàçèñå. Â ÷àñòíîñòè, ïðè
îïðåäåëåíèè îðèåíòàöèè ÊÀ îòíîñèòåëüíî èíåðöèàëüíîé ñèñòåìû êîîðäèíàò èñïîëüçóåòñÿ øè-
ðîêîóãîëüíûé çâåçäíûé äàò÷èê äëÿ ïðèåìà èçîáðàæåíèÿ çâåçäíîãî íåáà è åãî êîìïüþòåðíîé
îáðàáîòêè. Çà ñ÷åò äîñòàòî÷íî øèðîêîãî ïîëÿ çðåíèÿ (8 óãë. ãðàä.) ïðèáîð ìîæåò âèçèðîâàòü
áîëåå 3-õ çâåçä è òåì ñàìûì îïðåäåëÿòü òðè óãëîâûå êîîðäèíàòû.
Äèíàìè÷åñêèé êîíòóð óïðàâëåíèÿ èìååò äåëî ñ óïðàâëÿþùèìè ìîìåíòàìè, âîçäåéñòâóþ-
ùèìè íà ÊÀ è âûçûâàþùèìè èçìåíåíèÿ åãî óãëîâîé ñêîðîñòè âðàùåíèÿ. Óïðàâëÿþùèå ìî-
ìåíòû ñîçäàþòñÿ ëèáî çà ñ÷åò âíåøíèõ (ðåàêòèâíûõ) ñèë, ëèáî çà ñ÷åò èíåðöèîííûõ ìàõî-
âèêîâ [24℄. Îñíîâíûìè èñïîëíèòåëüíûìè îðãàíàìè îðèåíòàöèè ÿâëÿþòñÿ èíåðöèîííûå ìà-
õîâèêè. Ïðè ýòîì âîçìîæíû ðàçëè÷íûå ñïîñîáû èõ îðèåíòàöèè îòíîñèòåëüíî ñòðîèòåëüíûõ
îñåé ÊÀ. Íàèáîëåå ðàñïðîñòðàíåííûì ñëó÷àåì ÿâëÿåòñÿ èñïîëüçîâàíèå ÷åòûðåõ èëè øåñòè
ìàõîâèêîâ. Ïðè èñïîëüçîâàíèè ÷åòûðåõ ìàõîâèêîâ òðè óñòàíàâëèâàþòñÿ ïî ñòðîèòåëüíûì
îñÿì ÊÀ, à ÷åòâåðòûé (ðåçåðâíûé)  ïî áèññåêòðèñå. Âîçìîæíà è äðóãàÿ ñõåìà èõ óñòàíîâêè.
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èñ. 1. Ñõåìà ðàñïîëîæåíèÿ äâèãàòåëåé-ìàõîâèêîâ â ÊÀ
Òàê, â ðàáîòå [5℄ ðàññìîòðåíà àëüòåðíàòèâíàÿ ñõåìà ðàñïîëîæåíèÿ èñïîëíèòåëüíûõ îðãàíîâ,
ñîäåðæàùàÿ â ñåáå ÷åòûðå äâèãàòåëÿ-ìàõîâèêà, îñè âðàùåíèÿ êîòîðûõ íàïðàâëåíû âäîëü áîêî-
âûõ ðåáåð ïðàâèëüíîé ÷åòûðåõóãîëüíîé ïèðàìèäû. Â ðàáîòå [6℄ ðàññìîòðåíû äâå êîíèãóðà-
öèè ñèñòåìû ìàõîâèêîâ, â êîòîðûõ îñè âðàùåíèÿ ðàñïîëîæåíû ïàðàëëåëüíî áîêîâûì ðåáðàì
÷åòûðåõãðàííîé è ïðàâèëüíîé øåñòèãðàííîé ïèðàìèä. Ïðèâåäåíû ïàðàìåòðè÷åñêèå çàâèñè-
ìîñòè äëÿ âûáîðà íàèáîëåå ðàöèîíàëüíîãî ðàñïîëîæåíèÿ ñèñòåìû ìàõîâèêîâ íà êîñìè÷åñêîì
àïïàðàòå ñ òî÷êè çðåíèÿ îáåñïå÷åíèÿ ìàêñèìàëüíî øèðîêèõ âîçìîæíîñòåé óïðàâëåíèÿ åãî óã-
ëîâîé ñêîðîñòüþ. Ïîñòðîåíû îáëàñòè âîçìîæíûõ çíà÷åíèé êèíåòè÷åñêîãî ìîìåíòà ñèñòåìû
ìàõîâèêîâ ñ öåëüþ îöåíêè âîçìîæíîñòè èõ èñïîëüçîâàíèÿ â êà÷åñòâå èñïîëíèòåëüíûõ îðãà-
íîâ ñèñòåìû óïðàâëåíèÿ ìàëûì êîñìè÷åñêèì àïïàðàòîì. àññìîòðåíû âîçìîæíîñòè êàæäîé
èç êîíèãóðàöèé ñèñòåìû ïðè îòêàçå îäíîãî èç ìàõîâèêîâ.
Â ïîñëåäíåå âðåìÿ èíåðöèîííûå äâèæèòåëè òàêæå íàõîäÿò øèðîêîå ïðèìåíåíèå ïðè ïðî-
åêòèðîâàíèè ðîáîòèçèðîâàííûõ íàçåìíûõ è ïîäâîäíûõ ñàìîäâèæóùèõñÿ àïïàðàòîâ [711℄.
 1. Äèíàìè÷åñêèé êîíòóð óïðàâëåíèÿ
Ïðè îòñóòñòâèè âíåøíèõ ìîìåíòîâ äèåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ ÊÀ íàõîäÿòñÿ
ñ ïîìîùüþ çàêîíà ñîõðàíåíèÿ êèíåòè÷åñêîãî ìîìåíòà:
d ~KC
dt
= 0, ~KC = onst.
Â äàëüíåéøåì ïðèíèìàåòñÿ, ÷òî ÷åòûðå äâèãàòåëÿ-ìàõîâèêà ðàñïîëîæåíû ñëåäóþùèì îá-
ðàçîì: òðè  ïî îñÿì ÊÀ, ÷åòâåðòûé  ïî áèññåêòðèñå (ðèñ. 1).
Â ýòîì ñëó÷àå ïðîåêöèè âåêòîðà êèíåòè÷åñêîãî ìîìåíòà íà ãëàâíûå öåíòðàëüíûå îñè èíåð-
öèè çàïèñûâàþòñÿ ñëåäóþùèìè ðàâåíñòâàìè:
K1 = Ap(t) +H1(t) +
1√
3
H4(t),
K2 = Bq(t) +H2(t) +
1√
3
H4(t),
K3 = Cr(t) +H3(t) +
1√
3
H4(t),
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ãäå A, B, C  ìîìåíòû èíåðöèè ÊÀ, p(t), q(t), r(t)  ïðîåêöèè âåêòîðà óãëîâîé ñêîðîñòè ÊÀ
íà ãëàâíûå îñè, Hi = Iiωi  êèíåòè÷åñêèå ìîìåíòû ìàõîâèêîâ. Èç çàêîíà ñîõðàíåíèÿ êèíåòè-
÷åñêîãî ìîìåíòà
Ap(t) + I1ω1(t) +
1√
3
I4ω4(t) = Ap0, p(t) = p0 −
1
A
(
I1ω1(t) +
1√
3
I4ω4(t)
)
,
Bq(t) + I2ω2(t) +
1√
3
I4ω4(t) = Bq0, ⇒ q(t) = q0 −
1
B
(
I2ω2(t) +
1√
3
I4ω4(t)
)
, (1)
Cr(t) + I3ω3(t) +
1√
3
I4ω4(t) = Cr0, r(t) = r0 −
1
C
(
I3ω3(t) +
1√
3
I4ω4(t)
)
.
Çäåñü p0, q0, r0  óãëîâûå ñêîðîñòè ÊÀ â íà÷àëå êîððåêòèðóþùåãî ìàíåâðà, ìàõîâèêè â íà-
÷àëüíîì ïîëîæåíèè ÊÀ íåïîäâèæíû, òî åñòü ωi(0) = 0 (i = 1, . . . , 4).
Ïóòåì èçìåíåíèÿ óãëîâûõ ñêîðîñòåé äâèãàòåëåé-ìàõîâèêîâ îáåñïå÷èâàåòñÿ óïðàâëåíèå îðè-
åíòàöèåé ÊÀ.
 2. Êèíåìàòè÷åñêèé êîíòóð îðèåíòàöèè
Ïîëîæåíèå ÊÀ îïðåäåëÿåòñÿ óíêöèåé åäèíè÷íîãî êâàòåðíèîíà:
λ(t) = [λ0(t) λ1(t) λ2(t) λ3(t)]
T ,
λ20(t) + λ
2
1(t) + λ
2
2(t) + λ
2
3(t) = 1.
Ôóíêöèÿ λ(t) íàõîäèòñÿ ïóòåì ñåðè÷åñêîé íåëèíåéíîé èíòåðïîëÿöèè êâàòåðíèîíîâ:
λ(t) =
[
sin[ϑ(1− f(t))]
sinϑ
]
λ(1) +
[
sin[ϑf(t)]
sinϑ
]
λ(2), 0 6 t 6 T,
f(t) = 6
(
t
T
)5
− 15
(
t
T
)4
+ 10
(
t
T
)3
,
ãäå ϑ = arccos
(
λ(1) · λ(2)
)
, λ(1) = [1 0 0 0]T , λ(2)  êâàòåðíèîí, îïðåäåëÿåìûé ïîëîæåíèåì ÊÀ
â êîíöå êîððåêòèðóþùåãî ìàíåâðà, T  âðåìÿ ìàíåâðà.
Èñïîëüçóåìûé îðèãèíàëüíûé ìåòîä èíòåðïîëÿöèè ÿâëÿåòñÿ îáîáùåíèåì èçâåñòíîãî ìåòîäà
ñåðè÷åñêîé ëèíåéíîé èíòåðïîëÿöèè êâàòåðíèîíîâ [12℄. Îí ïîçâîëÿåò âûïîëíèòü ìîäåëèðî-
âàíèå êîððåêòèðóþùåãî äâèæåíèÿ ÊÀ â åãî ïëàâíîì äâèæåíèè ïî êðàò÷àéøåé òðàåêòîðèè
â êîíèãóðàöèîííîì ïðîñòðàíñòâå íà ãðóïïå âðàùåíèé SO(3), ñîâïàäàþùåé ñ äóãîé áîëüøîãî
êðóãà åäèíè÷íîé ãèïåðñåðû S3. Äëÿ ýòîãî íàõîäèòñÿ óíêöèîíàëüíàÿ ìàòðèöà ïîâîðîòà [13℄:
Q(t) =

 1− 2λ2(t)
2 − 2λ3(t)2 −2λ0(t)λ3(t) + 2λ1(t)λ2(t) 2λ0(t)λ2(t) + 2λ1(t)λ3(t)
2λ0(t)λ3(t) + 2λ1(t)λ2(t) 1− 2λ1(t)2 − 2λ3(t)2 −2λ0(t)λ1(t) + 2λ3(t)λ2(t)
−2λ0(t)λ2(t) + 2λ1(t)λ3(t) 2λ0(t)λ1(t) + 2λ3(t)λ2(t) 1− 2λ2(t)2 − 2λ1(t)2

 ;
äâèæåíèå êàæäîé òî÷êè âðàùàþùåãîñÿ ÊÀ â íåïîäâèæíûõ îñÿõ çàäàåòñÿ ñ ïîìîùüþ ñëåäóþ-
ùåãî ìàòðè÷íîãî àëãîðèòìà:
r(t) = Q(t)r(t0).
Îïòèìàëüíîå äâèæåíèå ÊÀ îñóùåñòâëÿåòñÿ çà ñ÷åò âîçíèêíîâåíèÿ óïðàâëÿþùèõ ìîìåíòîâ
îò ðàáîòàþùèõ äâèãàòåëåé-ìàõîâèêîâ. Ïî èçâåñòíûì êèíåìàòè÷åñêèì ñîîòíîøåíèÿì [13, 14℄
p(t) = 2
[
λ0(t)
dλ1
dt
− λ1(t)
dλ0
dt
+ λ3(t)
dλ2
dt
− λ2(t)
dλ3
dt
]
,
q(t) = 2
[
λ0(t)
dλ2
dt
− λ2(t)
dλ0
dt
+ λ1(t)
dλ3
dt
− λ3(t)
dλ1
dt
]
, (2)
r(t) = 2
[
λ0(t)
dλ3
dt
− λ3(t)
dλ0
dt
+ λ2(t)
dλ1
dt
− λ1(t)
dλ2
dt
]
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èñ. 2. ðàèêè èçìåíåíèÿ êîîðäèíàò êâàòåðíèîíà ïîëîæåíèÿ ÊÀ λ0(t) (êðàñíàÿ ëèíèÿ),
λ1(t) ≡ λ2(t) ≡ λ3(t) (ñèíÿÿ ëèíèÿ)
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èñ. 3. ðàèêè èçìåíåíèÿ óãëîâûõ ñêîðîñòåé ÊÀ (p(t) ≡ q(t) ≡ r(t))
è óðàâíåíèÿì (1) íàõîäÿòñÿ òðåáóåìûå çàêîíû èçìåíåíèÿ óãëîâûõ ñêîðîñòåé p(t), q(t) è r(t).
Ïðîöåäóðà îïòèìàëüíîãî óïðàâëåíèÿ çàâèñèò îò òîãî, êàêèå äâèãàòåëè-ìàõîâèêè îáåñïå÷è-
âàþò òðåáóåìûé ìàíåâð.
 3. Óïðàâëåíèå ïðè íåðàáîòàþùåì ðåçåðâíîì äâèãàòåëå-ìàõîâèêå
Â ýòîì ñëó÷àå ñ èñïîëüçîâàíèåì êèíåìàòè÷åñêèõ óðàâíåíèé (2) è óñëîâèÿ ω4(t) ≡ 0 èç
óðàâíåíèé (1) íàõîäèì
ω1(t) = −
A
I1
p(t), ω2(t) = −
B
I2
q(t), ω3(t) = −
C
I3
r(t).
Ïðè çíà÷åíèÿõ ïàðàìåòðîâ: A = 10, B = 20, C = 30, I1 = I2 = I3 = 1, T = 20,
λ(2) = [0.5 − 0.5 − 0.5 − 0.5] ñîîòâåòñòâóþùèå ãðàèêè èçìåíåíèé êîîðäèíàò êâàòåðíèîíà ïî-
ëîæåíèÿ ÊÀ, åãî óãëîâûõ ñêîðîñòåé è óãëîâûõ ñêîðîñòåé ìàõîâèêîâ ïðåäñòàâëåíû íà ðèñ. 24.
 4. Óïðàâëåíèå ïðè îòêàçå ïåðâîãî äâèãàòåëÿ-ìàõîâèêà è çàìåíå åãî ðåçåðâíûì
Â ýòîì ñëó÷àå èç êèíåìàòè÷åñêèõ óðàâíåíèé (1) è (2) íàõîäèì
ω1(t) = −
A
I1
p(t) +
1√
3
I4
I1
ω4(t),
ω2(t) = −
B
I2
q(t) +
1√
3
I4
I2
ω4(t),
ω3(t) = −
C
I3
r(t) +
1√
3
I4
I3
ω4(t).
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èñ. 4. ðàèêè èçìåíåíèÿ óãëîâûõ ñêîðîñòåé ìàõîâèêîâ
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èñ. 5. ðàèêè èçìåíåíèÿ óãëîâûõ ñêîðîñòåé ìàõîâèêîâ ïðè îòêàçå ïåðâîãî äâèãàòåëÿ-ìàõîâèêà è çàìåíå
åãî ðåçåðâíûì
Ïðè òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ çàêîíû èçìåíåíèÿ êîîðäèíàò êâàòåðíèîíà ïîëîæåíèÿ
è óãëîâûõ ñêîðîñòåé ñîõðàíÿþòñÿ. ðàèêè èçìåíåíèÿ óãëîâûõ ñêîðîñòåé ìàõîâèêîâ ïðåä-
ñòàâëåíû íà ðèñ. 5.
åçóëüòàòû ìîäåëèðîâàíèÿ âåðèèöèðîâàíû ïóòåì ñîçäàíèÿ àíèìàöèè êîððåêòèðóþùåãî
äâèæåíèÿ ÊÀ ïðè îïòèìàëüíîì óïðàâëåíèè òðåìÿ îñíîâíûìè äâèãàòåëÿìè-ìàõîâèêàìè [15℄
è ïðè îïòèìàëüíîì óïðàâëåíèè ñ èñïîëüçîâàíèåì ðåçåðâíîãî äâèãàòåëÿ-ìàõîâèêà [16℄.
Çàêëþ÷åíèå
Âûïîëíåíî ìîäåëèðîâàíèå ïëàâíîãî êîððåêòèðóþùåãî äâèæåíèÿ ÊÀ ïî êðàò÷àéøåé òðàåê-
òîðèè â êîíèãóðàöèîííîì ïðîñòðàíñòâå íà ãðóïïå âðàùåíèé SO(3), ñîâïàäàþùåé ñ äóãîé
áîëüøîãî êðóãà åäèíè÷íîé ãèïåðñåðû S3. Ïðèâåäåíû ïðèìåðû êîððåêòèðóþùåãî äâèæåíèÿ,
ïðè êîòîðîì ÊÀ èìååò íóëåâûå ñêîðîñòè è óñêîðåíèÿ â íà÷àëå è êîíöå ìàíåâðà. Ïðåäëîæåí-
íûé îðìàëèçì ìîæåò áûòü ðàñïðîñòðàíåí íà óïðàâëåíèå äâèæåíèåì ÊÀ ïðè îòëè÷íîé îò
íóëÿ íà÷àëüíîé óãëîâîé ñêîðîñòè, à òàêæå â îðáèòàëüíîé ñèñòåìå êîîðäèíàò.
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We onsider the optimal ontrol problem for spaeraft motion during orretion of its position in an inertial
oordinate system by means of ontrol torques. Control torques arise from the aeleration of inertial ywheels
of a strapdown inertial navigation system. We investigate optimal ontrol, whih ensures a smooth hange
in the spaeraft orientation. This smooth orretive motion is desribed as the motion along the shortest
path in the onguration spae of a speial orthogonal group SO(3). The shortest path oinides with the
large irle ar of the unit hypersphere S3. We also onsider a ontrol algorithm using the original proedure
of nonlinear spherial interpolation of quaternions. Four inertial ywheels are used as the main exeutive
bodies for orientation of the dynami ontrol loop of the strapdown inertial navigation system when solving
the optimal ontrol problem. Three ywheels are oriented along the axes of the spaeraft. The fourth
ywheel is oriented along the bisetor. The simulation results are presented. We onsider examples for
orretive motion in whih the spaeraft has zero veloity and aeleration at the beginning and end of the
maneuver. We give an animation of the orretive movement of the spaeraft. The proposed formalism an
be extended to ontrol the spaeraft motion at an initial angular veloity dierent from zero, as well as in
the orbital oordinate system.
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